The limit q-Bernstein operator B q emerges naturally as a modification of the Szász-Mirakyan operator related to the Euler probability distribution. At the same time, this operator serves as the limit for a sequence of the q-Bernstein polynomials with 0 < q < 1. Over the past years, the limit q-Bernstein operator has been studied widely from different perspectives. Its approximation, spectral, and functional-analytic properties, probabilistic interpretation, the behavior of iterates, and the impact on the analytic characteristics of functions have been examined. It has been proved that under a certain regularity condition, B q improves the smoothness of a function which does not satisfy the Hölder condition. The purpose of this paper is to exhibit 'exceptional' functions whose smoothness is not improved under the limit q-Bernstein operator. MSC: 26A15; 26A16; 41A36
Introduction
The limit q-Bernstein operator B q comes out as an analogue of the Szász-Mirakyan operator related to the Euler probability distribution, also called the q-deformed Poisson distribution (see [] ). On the other hand, this operator is important for approximation theory as it provides the limit for a sequence of the q-Bernstein polynomials in the case  < q <  (cf. In addition, we adopt the writing
for some positive constants C  and C  independent of δ.
Definition . Given q ∈ (, ), f ∈ C[, ], the limit q-Bernstein operator is defined by f → B q f , where
The limit q-Bernstein operator has been undergoing an intensive scrutiny lately. Among other facts, it has been established that B q is a shape-preserving positive linear operator on C[, ] with B q = , which possesses the end-point interpolation property, leaves the linear functions invariant, and maps a polynomial of degree m to a polynomial of degree m. Moreover, it takes a binomial ( -x) m to the corresponding q-binomial, that is,
The object of study of this paper is the impact of B q on the analytic properties of functions. This problem has been considered in [-], where some direct and inverse theorems have been proved. In general, it can be stated that functions become 'better' after applying B q . It is not difficult to see that for any f ∈ C[, ], the function B q f being continuous on [, ] admits an analytic continuation into the open unit disc centered at . As a result, possible 'bad' smoothness of f will be removed for its image. What can be concluded about the smoothness at ? To describe the behavior of f (x) as x approaches  -, the local modulus of continuity at  is applied:
It has been demonstrated that if f satisfies the Hölder condition at , then B q f is a 'better' function than f in terms of its analytic properties unless f is a polynomial. A detailed analysis of this situation is provided in [] . How about functions without the Hölder condition
A detailed analysis of formula (.) implies that under the following regularity condition:
is satisfied, B q f approaches its value at  faster than the function f . It is natural to ask whether the same is true for functions which do not satisfy (.). The aim of the present http://www.journalofinequalitiesandapplications.com/content/2012/1/297
paper is to prove the existence of continuous functions different from polynomials whose analytic properties are not improved under the limit q-Bernstein operator. To be specific, as a main result, it is proved that there are continuous functions on [, ] which do not satisfy the Hölder condition at  such that the following holds:
It should be mentioned here that the last equality is satisfied whenever f is an eigenfunction of B q corresponding to a non-zero eigenvalue. Consequently, the findings of this article encourage the search for non-polynomial eigenfunctions of the limit q-Bernstein operator whose existence as yet remains an open problem (cf.
[]).
Some auxiliary results
In the sequel, we denote by the letter C -with or without indices -a positive constant whose value does not need to be addressed. The same letter does not necessary mean the equal values of the constant. This section presents some technical lemmas needed for the proof of main Theorem .. Proof (i) It can be readily seen by the induction on n that {a n } is a strictly decreasing sequence of positive real numbers, hence
Lemma . Let p ∈ (, ). Consider a sequence {a
For p < e -/e , this is impossible since p < x x for all x ∈ [, ]. For p ≥ e -/e , this contradicts the choice of a  . Thus, A = .
(ii) Obviously, m n = ln(a n ) + (/a n ) ln(/p), whence
ln(/p) + a n ln(a n ) .
As {a n ln(a n )} → , one has Proof Consider the sequence of intervals (a n+ , a n ], n = , , , . . . , where a n are given by (.). Since {a n } → , it follows that ∞ n= (a n+ , a n ] = (, ]. As ω() = , it is left to construct ω(δ) on the intervals (a n+ , a n ], n = , , , . . . . Let {v n } ∞ n= be a sequence of positive numbers satisfying the conditions
Define a continuous piecewise linear function ω on each (a n+ , a n ], n = , , , . . . as follows:
and put ω() = . It follows directly from (.) and (.) that ω(δ) is both continuous and non-decreasing on [, ]. Further, since for n ≥ ,
it can be derived that for δ ∈ (a n+ , a n ] and all n ≥ ,
Thus, ω satisfies the conditions (a) and (b) of Lemma . with C = ρ  .
For the sequel, we need the next statement.
Lemma . Given p ∈ (, ), let ω be a function on [, ] obeying the conditions (a) and (b) of Lemma .. Then ω does not satisfy the Hölder condition of any order α at .
Proof In order to establish the absence of the Hölder condition, it suffices to show that ω(a n ) (a n ) α → ∞. For the given value of p, we construct the sequence {a n } as defined by (.) and denote ω(a n ) = u n . By the condition (b),
ω(a n ) (a n ) α = u n (a n ) α =: r n .
Since r n+ r n = u n+ u n · a n p /a n α ≥ C a n p /a n α → +∞ as n → ∞, http://www.journalofinequalitiesandapplications.com/content/2012/1/297 it follows that ω(a n ) (a n ) α → +∞ as n → ∞.
Analyzing the constructions of the preceding lemmas, the following observations can be derived. The notation is the same as adopted in Lemmas . and ., and ω is a function satisfying the conditions (a), (b) of Lemma ..
Lemma . For all n = , , . . . , the following estimate holds:
where C >  is independent of n.
Proof Indeed, one concludes by virtue of (.) that
. . , n, where C  does not depend on n. As a result,
Lemma . Let ω be a function satisfying the conditions of Lemma
where the last inequality is a consequence of (.).
To prove the converse inequality, we use the sequence (.) and select δ  = δ  (p) >  in such a way that δ  ∈ (a m+ , a m ], where a m ≤ ln(/p) and, in addition,
Now, let δ < δ  and δ ∈ (a n+ , a n ], n ≥ m. Since a m ≤ ln(/p), the function
is decreasing in δ for δ < δ  and hence
To estimate I  (δ), we write for δ ∈ (a n+ , a n ]
by virtue of Lemma .. Combining (.) and (.), we derive
The statement now follows.
Main theorem
The aim of this section is to study the comparative behavior of (f ; δ) and ( Step . First, we prove that for some C  > , the following holds: ω(t) ln(/q)t dt.
